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INTRODUCTION

The current writeup is believed to present some new results in the
formulation of conic trajectory relations for spaceflight application. Such
results are by no means unique, however, as considerable work along
similar lines has been done in many places in recent years. In particular,
the work of S. Herrick (References 1, 2) and R. Battin (Reference 3) has
come to the attention of the writers. It is natural that the special con-
siderations of current spaceflight trajectory and guidance probler.s should
lead to such an interest in new approaches and formulations as compared
with those of classical celestial mechanics. For example, initial position
and velocity values are more useful as defining quantities for a conic in
such problems than the classical orbital parameters. Also, to facilitate
automatic computation there has been a need for a universal conic trajec-
tory formulation that avoids indeterminancies associated with eccentrici-
ties near zero or unity and achieves a single set of equations for all conic
types. Both of these considerations are embodied in the formulation dis-

cussed herein.

Fundamental to the present approach is the use of a particular inde-
pendent variable. This variable is proportional to the eccentric anomaly
or its hyperbolic counterpart but is defined universally and remains deter-
minant for all values of the eccentricity. The conic relations are developed
in terms of a special set of functions which replace the standard circular
and hyperbolic trig functions. These can be characterized as "truncated"
trig functions, for their series expansions correspond to those for trig
functions with the early terms eliminated to remove indeterminancies.
Because of their close relation to the trig functions one is not surprised
that they exhibit many useful identities and relationships. The resulting
universal formulation is not only valid for all values of the eccentricity

but also is valid for the case of rectilinear motion as well.

The results presented are far from exhaustive, as they have been
developed only in conjunction with certain particular investigations.
Considerable extension will no doubt be realized as more applications
are developed. A general formulation is presented in Sections 1, 2, 3

and Appendices A-D that is self-contained, in that it is developed from
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the basic inverse-square equation of motion. The remaining material
represents a compendium of results specifically developed in conjunction
with recent investigations into certain perturbation techniques and results.
These investigations will be documented separately, with the current
writeup meant to serve as a general supporting reference for defining

the many quantities and for deriving their associated relations. Never-

theless, the results are felt to represent a reasonably general framework.



1. REVIEW OF DERIVATION FOR CONIC TRAJECTORIES

Starting with the basic law of force we shall derive some of the
fundamental relations for inverse-square motion. Let {r\ = ?(t) denote the
radius vector relative to the center of force. The equation of motion is

then given by

H>,
>

(1.1)

le-‘:

where r = |’P| and p denotes the force field constant. In keeping with (1. 1)

we never have r = 0; that is, r= 0. Let 2 denote the velocity, where

(t) = 2(t) (1.2)

Let ﬁ denote the angular momentum per unit mass, where

[ 4
N A
L=%x0=x"% (1.3)
Then differentiating (1. 3) and using (1. 1) we obtain
A AN A A
L=rxr+rxr=0
so that
A
L = constant (1. 4)
. . A
We introduce the unit reference axis i where
N
N
i= I (1.5)
T
NN AN N AN N
Wenotethati-L=r-L=v.-L=20
Also, we introduce the important quantity B, where
— N\ A
B=v.r (1. 6a)
=rr (1. 6b)



From the vector identity

A
rxﬁ=?x(’1§x’\>)= (’1}-0)?— rZO
we write
N
=L Br+Lx?) (1. 7a)
r
- L Rt (1. 7b)
N\
=ri+§x/i\ (1.7¢)
T
The following derivatives are of interest:
AN N (XA
di _v rr_1 0N A
E—?-—Z——ZLXI (1.88.)
r r
d A A 1 A A A LZA
T(LX1)=—7LX(LX1)=——-ZI (1.8b)
= r r
Let o denote twice the energy per unit mass, so that
= o2 2P
a=vVv T (1-9)
Then differentiating (1.9) and using (1. 6), (1.1) we obtain
.. A
. A
a=2v. (A +Eé\: 0
\ r-/
Thus
a = constant (1.10)

Utilizing (1. 7c), (1.9) with a constant we obtain the differential equation

for r as follows:

2
v2=('r)2+l‘7=a+:2;ﬁzo (1.11)
r



We note that taking the modulus of (1. 7b) yields

veo B% + L? (1.12)

Another quantity of interest is € defined by

N
A
e=l0xf X (1.13a)
M r
Substituting (1. 7b) into (1. 13a) yields
A LZ N\ B A N
€ = [— - i-—0Lxi (1.13Db)
pr Mr
Differentiating (1. 13a) and using (1. 8a), (1.1), (1.5) we obtain
. A A
el oL Tx%-0
1 2
r
sc that
N
€ = constant (1.14)
The quantity € = |’e\| is called the eccentricity and is obtained from (1. 13a)
using (1.11)
LZ 1/2
€ = 1+—70. =0 (1.15)
v
Also from (1. 13a)
NN 1 2
r-e==-L"-r
e
so that
L/
r=———_JM>Fr_ (1. 16)
AEA
1 +e-i

Equation (1. 16) is the well-known equation for a conic in polar form with

ANIEA . . .

€ i equal to the cosine of the true anomaly. Thus, we see by inspection
that € is in the direction from the focus to the peri-apsis point, at which

r takes on a minimum value for the conic. Other conventional orbital

parameters are as follows



semi-latus rectum

il

energy parameter

il

semi-major axis

peri-apsis distance =

(1.

(1.

(1.

17)

18)

19)

. 20)



2. UNIVERSAL CONIC FORMULATION

We now introduce a particular independent variable | defined relative

to some initial time to as follows:

t sk
j % (2.1)
t

y =
o
Thus
dt
oL (2
i (2.2)
and
_ldr
r = ?.d—l.l.l- (2 3)
From (1. 6b), (2.3) we note that
dr
— =B 2.4
v (2.4)

Thus the differential equation (l.11) can be written as

2
dr 2 2 2
(_.dLIJ) =B =ar +2pr - L (2.5)

where we have utilized (1.12). We write the various time derivatives

below for reference

i:i; (2. 6)
B=q+h (2.7)
¥=de (L% - ur) (2. 8)
by
'l_ }LB
B—-—3- (2.9)
r
.
b=y (2. 10)

“For € = I, y = E - Eo/ Iall/z where E is the eccentric anomaly. For
€e>1,¢y=F - Fof |a| 172 where F is the counterpart of the eccentric
anomaly for hyperbolic trajectories. The subscript o will relate to t=t,.

-7-



To obtain a solution to (2.5) we first differentiate with respect to

and use (2. 4) to obtain

%—5 = ar t p (2.11)
and similarly
2
<8 _ 2. 12
dy
Thus for a # 0
B=K1e_\/_z.+KZe-_\/; (2.13)

where K KZ are constants of integration and

13

+JZ = ~fa y (2. 14a)
2
z = ay (2. 14b)
From (2.11)
r=1(4B |
T a dys
=é(x eVZ K e'“/z)-ﬁ (2. 15)
1 2 a
a
Let r , B denote values for r, Batt=t_, i.e., for y =z =0. Then
o’ o o
1 [ — ¥ .
K, = \J@ B, + (ar +p)_| (2. 16a)
2ya *
__1 T
K, = T _-\]EBO - (ar_ + p):] (2. 16b)

For a =0, (e = 1), the solution to (2.11) is

B=B_ +py (2.17)
and

2
r=r_+B_y +E-“§_ (2.18)

-8-



We now determine expressions for the various conic trajectory quan-

tities in terms of the Herrick-Lemmon functions discussed in Appendix A,
Thus with

2

C=1(e—\/z+e_'\/—z_) s /ES=1(e'\[Z_-e_m\/—z-)
we solve to obtain
eﬁ= Cll.a) + “Ja S(l.a) = C ++/a S

e VZ = C(y,a) - 4/a S(4ra) = C - Va s

Then using (2. 16), (C. la) and the above, we write (2. 13), (2. 15) as follows

r=r C(y) + B_S(Y) + pd(y) (2. 19a)
=r_ + BOS(Lp) + (p + aro)ct(q,) (2. 19b)
B = B_C() + (1 + ar_)S(V) (2.20a)
= B_ + (1 + ar )S(y) + aBoq (2.20b)

We note the important result that (2. 19), (2.20) reduce to (2.18), (2.17)
respectively by simply setting € = 1 (i. e., a = 0) and utilizing C(¢, 0) = 1,
S(y, 0) =y, ¢(¢, 0) =(1/2)¢2. Thus we may consider (2. 19), (2.20) as valid
for all e. The indeterminacy associated with € = 1 has been absorbed
into the Herrick-Lemmon functions. It is also noteworthy that the solu-
tions (2.19), (2.20) are valid for rectilinear motion with L = 0, € = 1.

This is in contrast to the conventional expression (1. 16) which becomes

indeterminate.

To specify the direction of /:? we introduce the range angle 6 shown

in the figure and defined below.

NN A
TASINAN Lxi T
LXl (o] -1:-=




A
Let io be defined by

A
A =Fo
i = —
o r
o
Also let 6 be defined by
2 ?o ANEA
cos 6= — . —=1.1 (2.21a)
r o
o
and for L # 0
N
=L N A
s1n6—r-(1ox1) (2.21b)
N AYIRA
and for L =0, i= i so that cos 6 = 1 and
6=0 (2.21c)
N
Thus for L # 0 we may write
N N ﬁ N\
i=cos0i +sin9=—=xi (2.22a)
o L o
ﬁ A N ]/: A
txi=—sin6io+cos efxio (2. 22b)
Also, from (1. 8), (2.2)
A A) AN A
a . dl Lxi (2. 23a)
dy - 'dt T T T i
\ 2
3 N A A I T A
d & AN AN di -L°A
EI(LXl)—LdeP— — 1 (2.23b)
Thus differentiating (2.22) and comparing with (2. 23) yields
g—ﬁ- = %’— (2. 24a)
and
§=3 | (2. 24b)

-10-




A
We note that (2. 24) is valid for all L. Recalling from (2.21) that 6 =0

when t = to. then

o=LH (2.25a)
o _ 1
@ =T = — (2. 25b)
Ir
where
f.’l,« d
@-—.:J 2 (2. 26a)
(o]
t
=f 9% (2. 26D)
to r
= lf 0 (2.26¢)

The expression (2.26a), (2.26b) remains determinate for L. = 0, which is
not the case for (2. 26c).
To determine 6 in terms of the Herrick- Lemmon functions we

proceed as follows. Recalling (1. 13b) and utilizing (2. 21), (2.22), for
i\, # 0 we obtain

-L"B
A
p{L x?o) . /e\ = r£ ‘:(L2 - pr) sin ® - LB cos G:I = constant = —r—c-)-
o
2
A A 12 oAl _L
P‘O-C-—?LL; -P-r’LUbUTLIUDLLAVJ—vv;.vta--tﬁa-H

Solving the above equations for sin 0, cos 6 and after some manipulation

utilizing (2. 19), (2.20), etc., we obtain

. ._ L
sin 6 = N (Bo¢ +r S) (2.27a)
2
_ L
cos e-1-;;¢ (2. 27b)

) A A
The equations (2. 27) are valid for all L including L. = 0.

-11-




We now consider the well-known "f, g" representation as linear

. . N N
combinations of ror Vi

a1
1]

T(e) = (e, 0F(e ) + gle, (e ) = f/r\o + g0 (2.28a)

. . N
Ve = He_, (e ) + gle, 00t ) = B

<
I

+ oy 2.28b
o gvo (2. )

After some manipulation, the coefficient functions are then given as follows:

N
f=f(t,t)= r(tz) . [’\)(to) x ﬁ] =1 - -r"‘— ¢ (2.29a)
L o
/r\(t) FASEVAN
g =g(to, t) = LZ -[L X r(to)] = roS + BOC]: (2. 29Db)
. . AN
f= f(to, t) = XIE—;)- '[/‘}(to) b'e ﬁ] = -r’: S (2.29c)
o
= glt t)—'°'<t>.[£ 2t )}—1-ﬁ¢ (2.294)
g = 8\t _—L—Z X rit )= - .

We also introduce the quantity h that is related to g as follows:
h=r S+ Bd¢ (2.30)

. £ N\
We may also write r, v as

b

-
»

A ANERA (s oa s

r--}—(u1o+gLX1o) (2.31a)
o

AT TEPA N ANEEA

V== (u10+ng10) (2.31b)
o

where we have introduced u defined by
- 2
u=rr - L ¢ (2.32a)

=r%f+B 2.32b
=r, o8 (2.32b)

-12-



and

Then

[t
I
n

° N
(X0
-+
t

o)

OQ .

=1(r B - L29)
by o]

into (1. 3) we obtain

fé—gle

ug - gu =71

Also using (2.29b), (C.12a), (2.19) we obtain

gZ = (u + rro)df'

(2.33a)

(2.33b)

(2.33c)

(2. 34a)

(2. 34b)

(2.35)

N
Using (2.31b), (2.33b), (2.29c), (1. 7b), we may also express v as

follows

where

and

We note that

so that

N A oo N
v=vVv_ - w
o rr
o
" A AN
=gi + (gL x1
w =g, + GLx iy

-13-
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Also, recalling (1. 8a), (2.39a)

Then

and

To relate time to

Let T be defined by

Then

Thus

AN t A
i=1 + idt
t

o
o)
A Bxh
=1 + X w (2.40)
) rr
o
N N A 4
r=ri +-l--’\x,v<\/ (2.41)
o r
o
AA A A LEA
Lxrerxio-r—w (2.42)
o

we need the counterpart of Kepler's equation.

T = T(to,t) =t - to (2.43)
g—:= 1 (2. 44a)
%: r (2. 44b)
$
- { rdy

\.
=
—
1]
(]

=g+ug

U
j' [.roc(kl’l)+ BoS(¢1)+'”¢(‘1‘1)] dy
¢1=0 ‘

roS(¢)+:Bo¢(¢)+-p$hw (2.45a)

(2. 45b)

where we have used the integration formulas (D. 1), (D.2), (D.3), and

(2.29Db).

-14-



‘ (2.31a), (1.7b), (2.32b) we obtain

N _
d=r-r
o

N
The magnitude of d is given by

AN A
d=|r -r
o

1/2
=[r2+r2-2rr cos G}
o) o

= [(r - ro)z + ZLZ(t]l/Z
. = (rz + ro‘2 - Zu)l/z

-15-
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It is sometimes convenient to introduce the chord d, where using
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3, FUNCTIONAL REPRESENTATIONS

The basic quantities ?, /\>, etc., are functions of the time, t., How-
ever, in utilizing the reference time to we find it convenient to introduce
functions of (to, t). Thus, primary quantities depending on t alone may be
represented by functions of (to, t) as in (2. 28), and of course the impor-
tant quantity { is a function of (to, t) as given by (2.1). In addition, we
find it convenient to introduce functions of (th, ) as in (2.19), (2.20), It
will therefore be useful to introduce an expli'cit notation for such frnnctional
representations and to discuss the underlying functional relationships. To
do this we consider a quantity F to have the two functional representations

F(to, t) and FT(to, V), where these are related as follows:

- -l
F = F(to, t) = F (to, $) (3.1)
or in general
Flt,, t,) = i, x) (3.2)
' where
t
_ 2 dr
X = et —m (3. 3)
1

Thus, the primary quantities r(t), B(t) have representations bl (to, J),
BT (t , ¢) given by (2.19), (2.20) respectively. On the other hand, the
guantity g in (2, 28a) cannot be represented as a function of t alone. Re-
calling (2. 29b) we see that the two functional representations of g can be

written explicitly as follows:

N
g = g(to, t) = 1;[_5;) . []/_\4 X/I}(to)] (3. 4a)
- gile,, ¥) = £(t) S(U) + Ble,) € (4) (3. 4b)

The use of explicit functional representations as above allows us to
define functional transformations and introduce new quantities that will
‘ prove useful, Thus we define a "reverse" on "bar" transformation as

follows:

16-




F(t, t)= F(t, t ) (3. 5a)

so that it follows from (3.2), (3.3) that

Fle, ¢ =Fl(, -y (3. 5b)
In general if F = F(to, t) then we let F denote F(to, t) = F(t, to). The

L

relation beiween I’ and I will depend on the particular functional form.

For a primary quantity that can be expressed as a function of t ainne we

have the following important result;

F:F(to, t) = F(t) (3.6)
F = F(t, to) = F(to) (3.7)

Thus, for r, B we utilize (2.19), (2.20) and (3.5), (3. 7) to obtain the

following identities:

= r(t) C(-¥) + B(t) S(-¥) + nG(-P)

or

r_ = rC(Y) - BS(Y) + pd () (3.8)
and similarly

BO = BC(y) - (u + ar) S(¥) (3.9)

From (2.29) we obtain

A\
- r(t )
£=1(t, t )= (73 . E(t)x/]ﬂ

. - = gt ) = g (3. 10)
’?(to) ‘A~ A
—g = g(t: tO) = LZ . [_L X V(til = 'g(tos t) = -8 (3' 11)

-17-



- . vit ) A . .

f=1(t t)= L‘Z’ . E?(t)x L:I = -f(t,, t) = -f (3.
- vt ) A A

g = g(t, to) = L(Z) . E_; X r(tﬂ = f(to, t) = f (3.

12)

13)

The results (3.10), (3.12), (3.13) also follow directly by applying (3. 5b)
2

to (2,29a), (2.29¢c), (2,.29d). Applying (3. 5b) to (2.29b) we obtain

g=-g=-ght, -¥) = rS - B¢ (3.
Thus equating (2.29b), (3.14) yields the following important identity:
(B + B0)¢ =(r -r)S (3.
also
ro(g+B¢):r(g-Bo¢)=rrOS
so that
(r - ro)g = (rO B+r BO)¢ (3.
Recalling (2. 30), we see from (3. 15a) that
h=1r5- BO ¢ (3.
= -h (3.
also
h=(r + ro) S-g (3.
=g+ (B-B)¢ (3.
From (2. 43), (2.45),
T= -7 (3.
and
?: g = |~L$ (3¢
= -rS + BG - p$ (3.

Thus (3.17), (3.18) also yield (3.15).
-18-
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Some further illustrations on using the reverse transform to derive

relationships are as follows. Applying the reverse transform to (2, 28)

yields
P = 4T - g%
o & g
T = Pt
o
Recalling (2. 32) we note that
u=u
-r% g - Bg

Then the transform of (2. 31) yields

A L, A N A
ro—-l-;(ul - gl x1)
N\ S P Ay
v == (ui +{iL x ij
o
where from (2, 33),
1~1 = —r2 f + Bf
- A
=B+ - 8
o
-1 (r B + L2 S)
r o
(8]
and from (2. 34b),
uf + g.{: r2

Note thatil-q(: q = .,

Recalling (2.37a) (3.11), we write

>

= -(g/i\ - q:,I: x’i\)

-19-

(3.19a)

(3.19b)

(3. 20a)

(3. 20b)

(3. 21a)

—
W

.
g%
[
o8
~—

(3, 22a)

(3.22b)

(3.22¢)

(3.23)

(3.24)



Also, from (2.21), (2.27), (2.29b), (2.32a), (2.35), (2.37):

]
£
o™

=gcos O + QL sin 6

=g
A n
=W i
o
A A
5. £xf =Lgsine-1%Gcoso
e
:L"‘q:
A A N
=w *« Lxi
o
Therefore A _
= -% (3. 25a)
A A
=g,1\ ¢Lx1i

In deallng with an interval (t o’ t ) we shall also find it convenient to

introduce LlA defined relative to tf, where

v = thtf & (3. 26)
Then
¢f5ftf% oot (3. 27)
For a quantity F = F(to, t) we define a related quantity F*, where
= Flt,, t) (3. 28a)
=F (e, -47) (3. 28b)

The result (3, 28b) is not one of definition but rather is obtained by utilizing
(3.26) and the general relationship between F(T1, TZ) and FT(T1, x) de-
fined by (3.2), (3.3). The relationships (3. 28a), (3.28b) can be con-
sidered as defining a corresponding functional transformation, but the
explicit introduction of a notation for such a transformation will be avoided
by simply utilizing t ot q;-—- -q; in any relationship, Thus we obtain the
following results in terms of LIJ and with an f subscript to refer to the

time t

£

-20-



. From (3. 28a):

r(tf, t)=r(t)=r

From (3.28b):

r:{: : rT(tf, _4}:::)

Therefore (2.19) can be written in terms of tJ,J:‘< as

r=r CW) - B SW) + G (3. 29a)
=, C - B.S +pg” (3. 29b)
=T, - Bf S*+ (n + arf)q:* (3. 29c)

where we introduce C>P = C(qﬁ), S* = S(np*) etc., Similarly (2.20) becomes

B

il

Bf C¥ - (e + o.ri_) S* (3.30a)

o .

(o + ary) S+ aB, ¢” (3. 30Db)

f

The various identities may also be transformed. Thus (3. 8), (3.9),
(3.15a) become

re=rC" +BS" +ug’ (3.31)
B, =BC +{p+ ar)§ (3. 32)
B+B) ¢ = (r;-1)S" (3. 33)
The relationship
gdq—f- = 5847 el (t,, ) = BT(tO, y) =B (3.34a)
transforms to
‘ N S rT(tf, ") = BT(tf, )= B (3. 34b)




The result (3. 34b) can of course also be obtained by differentiating (3. 29c)
and comparing with (3. 30a), but the use of transformations such as in

(3.34) will often be very useful,

We also introduce the following quantities:

sk - _ T sk B M sk
£ = 1(t, t) =1 (tg, —¢)-1-¥¢ (3. 35a)
i — . . .. _ ’>::\ o o* R f+>:< ta a2
g = g\tf, L) B \Lf’ Y ) - g T ey \ Do sy
=t 1) =, Sty 2 s (3. 35¢)
f’ f’ rre ‘
SR . T sl s
g = gt, t)=g (t, -v)=1-Ed¢ (3.35d)
f f T
Then (2. 28) can be written as
I~ A A A N = A
r = r(t) = f(tf, t) r(tf) + g(tf, t) v(tf) = f e +g Ve (3, 36a)
DD . ~ . A SR oK
v =V(t) = it t)T(E) + gt V(L) =1 T+ g <>f (3. 36b)
We also introduce 'r*, where
T=Ttn t) =t -t (3.37a)
= T, W) =g - g (3. 37b)
we note that
ToT =t -t (3.38)
_22-



4, SOME TIME INTEGRALS AND ASSOCIATED RELATIONS

We shall now derive some additional results that will prove useful
in the application of our universal conic formulation to various problems.
For example, certain time integrals will be needed. As a preparatory
step to the discussion of such integrals we proceed as follows. Consider
some general function F(y), with the variable § = Lb(to, t) defined by (2.1).
Then using (<.2), (2.19):

t b ¥
f F U, 7] d'r=j F(y)r (¢, ¥) ay
T=to o

\7 v Y
:roj CFd¢+B0[ SFdl.lJ+pj‘ ¢F dy
(@] (o] O

(4.1)
For F = 2C we utilize the integrals (D.16), (D.17), (D. 18) and obtain
t
th Cdt:ro¢+rS-p$ (4.2)
o
For F = 2S we utilize the integrals (D. 17), (D. 22), (D.23) and obtain
t 2
z/ Sdt:Sg+B0$+pL¢ (4.3a)
to
= yg + B$ + pg! {4.3b)
where we have used the identities (C, 2a), (C. 9a) and the result
B:B0+pS+a(rOS+BO¢)
:BO+|J.S+O.g (404)
For F = 2¢, using the integrals (D.18), (D.23), (D.26) we obtain
2] ¢dt:1’¢-ro$+p$' (4. 5)
t
o
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For F = 2$, using the integrals (D.19), (D.24), (D.27) we obtain

tht $dt:T$—rO¢'V—BO$‘

)
It is convenient to introduce a quantity A, where
A= g
= A

Utilizing (C. 2b), (C. 10a) we obtain

1
A== (s ¢ - 3%)
a
We also introduce T, where
T=1¢ + p$’
From (2. 45b), (4. 7a) we obtain
T=g¢+ph
also,
T=-T0

We now introduce the quantities p, o, {, m defined below.

t
p=oplt, t)=2 / ¢ I}P(to, )] dar
(o]

JT=t

T-ro$

gG+pa-r $

r
= (g -fT)+us

24-

(4.

(4.

(4.

. 7a)

. Tb)

. 7¢)

. 8a)

. 8b)

8c¢)

.9a)

. 9b)

.9¢)

9d)



t
L =gt t) = [r:t [3 - 24(t _, )] ar

o]
_ P
(0}
- M
= g-%ir_ T
(o]
2
—g2-0)+ B A
o

t
n =it t) -—t[T [-3 + 4f(t_, 7] dr

=t
O

1
e}
1
|
4
N
-

It
o
1
£
—3
+
W
-
<A

g=0(t, t) =2 f- gﬁb, T) dT
T

(L-g)r =pT=-pT=-(T+g)r

(rO -r)g = rOL + rg

Combining (4. 10b), (4. 11b) we note that

3T - 2¢

3
i

and

g
"
™|
™
-
i
=5

(4.

(4.

(4.

(4.

(4.

(4,

.10a)

10b)

10c)

. 10d)

11a)

.11b)

.11c¢)

.144)

12)

13)

14a)

14b)



Also
‘ L+T = = (n+7) (4. 14c)

o

Utilizing (2.29b), (4.3Db), (4.5), we evaluate ¢ as follows:

q
1

t
zf (roS+Bo¢)dT
t

(o]

"rBOCl;+prOCrl +uB $' + T [(B - BO)$+ LPg]

g +p(r_g¢'+ B_$') (4.15)
To obtain (4. 15) we have made use of the identity given below.

S(g + n$) - by

ST -
kLg

1

uS $ + g(S - )

$ (uS + ag)

=$ (B - B_) (4. 16)

Where in deriving (4. 16) we have utilized (2. 45), (C. 2a), (4. 4).

Recalling the "reverse" transformation (3. 5) we write

t
p = p(t, to) - -2 J/ ¢ [q,-(t, T)] dT (4.17a)
T=t
o
- r$ -7 (4.17b)
We note that
ptp=(r-r)$ (4.17c¢)
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- t
L=t t)= f [ - 2t(t, 7)) ar
T=t
o
- M=
_-T+rp
M
_..g_;- T
2
=-g(2-8)-E-A
— [t
M :n(t, tO) = —J [_3 + 4f(t’ T\] dr
T=t
_ 2p =
_-T_T p
=or+ 2 orlo2ug
2}_1, 1,
=-g+-;—T'3|"'$

t
og=o0(t, t )= -2 j/ g(t, T)drT
o T= to

=g +p(r ¢' - B §)

(4.18a)

(4, 18b)

(4, 18¢c)

(4. 18d)

(4, 19a)

(4. 19b)

(4.19c)

(4.19d)

(4, 20a)

(4. 20b)

To obtain some additional results we first obtain the following iden-

4z T D Lo gt on H
tity, Let D be expressed

B=B +(p+o.r)S+aBo¢
nB
=B -—=>¢+B (a+—“— ¢+(a+—
o] by
(o] (o]
_ B
=B f+(0.+-;—->g
o

where we have utilized (2, 20b), (2.29a), (2.29b).
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Taking the "reverse'
B =Bé-(a+%)g (4.22)
From (2.33b), (1.11), (4.22) we write

. . 2

u= Bg-v g (4.23)

Therefore, using (2. 7), (4.22) we obtain

0 g 1 1g g p
Bt (B—E“) B—['B'"Z'((”"r')
o) o) B .

1
= — (4, 24a)
B
and
t gt , t)
f de - BT B - BB (4. 24b)
'r:to B(T) o o
We also obtain a related result. Let \ be defined by
N = A, 1) = % g - B (4. 25)
Then using (4. 24a), (2.6), (4.12)
9 N _ 0 2 g T
ot (ﬁ) N '8_1:'[} (B B) 'B_]
o o o
rz . (BY g \ 2g
= =+ 2r|— = - =
B2 \r/\B_ B) B_
v 2
Therefore
ft [r(T)J 2 4 )\(to, t) N 4 27)
— T = = .
Tt B(T) B(to) B(t) Bo B
Taking the reverse transform of (4.27) we obtain
- 2 -—
N = A(t, to) = -ro g - Bo Vs (4. 28)




By inspection of (4. 27) we note that

N o= Mt t) = -At, t) = -\ (4.29)

so that
2 —
)x—ro g+BOU (4. 30)

Substituting (4. 25), (4. 28) into (4. 29) we obtain the following important

identity:

— f o 2\ . .
Bo’+B00'—kr -rO)g (4, 351)

Utilizing (2.6), (2.10), (3.14), etc., we obtain
68?[ (rﬂ:_g_ (rs - B¢) = & (4.32)
r r

Also from (2. 6), (2.7), (4.22), (2.5), (4.32):

. 2
9 (B B m 2B
3t (_zg) - Sy (“*?) - =
r r T T
B
2 2
:—g—+—% (ar™ + pr - B7)
Tr r
B
-2 128 (1% L) (4.33a)
2 4
T r
2
_2g L d ( 2u g)
e Bo®‘ . (4. 33b)
where we have recalled (2., 25b).
From (4.33) we then write
t g 4,.Bg _ 2p¢
Zsz Erat-=8+ L% B (B (4. 34a)
r r
t
A
== - BO (4, 34b)
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where using (2.29d), (3.20), (4.32)

A= Bg + 2ur ¢

Also

B

From (4.12),

Therefore

= ro(r

Bg +2(1 -g)r

=B g+ 2@'2 - u)
o o

(4. 25), (2.6)

0 o 1 2
Bt (—z)- < 28 -5
r

T

X(to, T) U(to, t)

rt
Zj dt =
T=t r(T)2 r(t)2
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(4.

(4.

(4.

(4.

(4.

(4.

(4.

35a)

35b)

35¢)

35d)

. 35e)

36a)

36b)

. 36c)

. 36d)

. 36e)

. 37)

38)



We also introduce 7 where

t
jzf <4 4 (4. 39)
3
t r

(2.6), (3.15b) we obtain

9 [.(4 +fﬂ\q-]: "o

g 1
ot L\“'r/r_" r4+—4(rg—rqu§)

r

From (4. 32),

r g B
o ¢ (4. 40)

Therefore
t r
f i%dt:L[(1+_)§ -B?] (4. 41)
T T T o
Jt r o}
o)
Also, from (2.6), (3.20) we obtain
9 g\ g Bg _ u
5{(?)-?' 3 7T 3 (4. 42)
T T
Thus
t a g
[ T dt = ; (4. 43)
t T
o
Then from (4. 39), (2.32a), (2.26b), (4. 43):
5 t (r ro - u) g
L 5:[t —r—3dt:ro@—r (4.44)
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5. SOME ADDITIONAL QUANTITIES AND RELATIONS

We shall find it useful to introduce some additional quantities and
develop related identities as follows. From (4.8a), (4.9b), (4.15),
(2.29b) we obtain

o
o
"

BOT¢ - Boro$ +(oc - Tg - pro¢')

o - (tS + |J,¢' + Bo$)

o - Br+ro)¢+Bo$] (5.
where we have used

sg + ng* (5.

TS+p,¢'

2
rOS + ¢(r - roC)

(r+ro) ¢ (5.

To prove (5.2) we utilize (2.45b), (C.9c), (2.29b), (2.19a), (C.12a).

Then using (4.9b), (4.10c) we write (5.1) as follows

o = BOT + ro(r + ro) d: (5.
:_I-Lg [Bo(g-g)+p.(r+ro) CH (5.
r
2
Z_HE (Bog+ r - Q) (5.
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1)

2a)

2b)

3a)

3b)

3c)



where

= 2
Q= r —p(r+ro)¢+B°'g

o
=r%+B ¢ - B2
C O ro

rro-(pr-!-LZ)qJ

u-prdi

:rZ—A

2
rrof-L ¢

+2(25 - 1) - Bg

To obtain the above results we have utilized (2. 32) to write

B g

u-rzf
o o

ro(r - ro) + (pro - LZ) ql
Taking the transform of (5.5) we obtain
Bg = rz'g -u
=x(r-r ) - (ur - L) ¢
Combining(5.5b), (5.6b) then

(B+Bo)g= rl . ro2 - ir - ro)¢

(B-Bg=(r-r)%+ 2% - wlr+r)] ¢
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(5.

(5.

—~
[Gh}

(5.

(5.

(5.

(5.

(5.

(5.

(5.

(5.

(5.

4a)

. 4b)

4g)

5a)

5b)

6a)

6b)

Ta)

7b)




From (C.9a),

a\r
(O

{2

where we have used

(C.10a), (2.29b)

¢' +B,4"

r (48 - 2¢) + Bo(q,ct - 39%)

vg - (2x 4 + 38,9

= (5.8)
Then utilizing (4.15), (5.8), (2.45b), (5.5b), (5.6Db), (4. 35d)
= [‘rg + p.(roqi' - Bo $'ﬂ
= glam+ ) - 2ur G - 3BT - g)
=Bg + 2B g - Zproq} - 3B_T
=2(r2-r2)-A-3BT (5.9)
(o] (o]
B = BO + }J.S + O.(T- }.L$)
=BO+aT+pr (5.10)

To prove (5.10) we
(5.3c), (4.14a), (5.

so that

utilize (4.4), (2.45b), (C.2a).

4e) we obtain

From (1.11), (5.9),

vA20'= (a+f—p\6
e \ ToJ

= A- Bon (5.11)
A=B0n+vo o (5.12a)
—_ — 2 ~—
A=Bn+v (5.12b)
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We introduce I, where

o - 2
I‘-—B00'+ron (5.13)

Then using (1.12), (5.11) we obtain

B I‘=r2A-L2(T (5.14a)
o o
and
BF= r’A - L%% (5 14b)

Recalling (4.11d), (4.20b), (3.14), (5.2}, (2.45b), (5.6a), (2.29)
rOBn - 2u0 = rOB |:<1 - %Ct) T + 2p$]- 2p(tg + prq:‘)
= rOB (7 + 2p.$) - 2pr(r + ro) ¢

3rOBT - Z[roBg + pr(r + ro) ¢]

3r Br+ar_ [o- r2(2-£)] (5.15)

Then using (4. 14b), we write (5.15) as

by
E:p_°[r2(z-f) -Bg-u] (5. 16a)

T
:H—o(y-u) (5.16b)

where using (5.16), (3.20b)

_ 2 : -
y=Er (2-8-BL (5.17a)
= u+ B2 (5.17b)
2
‘ = -Bg +r l? (5.17¢)



with

u? E\X(to’ t)='g+% (5.18a)
r
g =4 (¢t to):fﬁ*_".,; (5.18b)
Yo
and
—_ 2 e
Y=I‘(2-f)-Bé \D.iva)
= u+ *lf—“ (5.19b)
)
2 —
:Bog+roi’f (519C)
Taking the transform of (5.9) and using (5.16a), (4.14a), (4. 36e) we
obtain

v 2c_r_= (a +&L-)?
o T
o

=Bn - A+ Zrz(l - f) + Z(ro2 - u)

- Bn -Bog+2r2(l _ 1) (5.20)
Recalling (5.13) and using (5.20), (4.31), (1.12), (4.36b) we obtain
Brr=B (Bog) +r 2B
" To o =N

=L% -r" A (5.21)

Comparing (5.21) with (5.14b) we see that

T- BT + o7 (5.22a)
= -T (5.22b)
] (B N 2) (5.22
= -Botr,m . 22¢)

~-36~-



Then

- B 2— 2
Bo +B0<r = -(r M +rO 1]) (5.23)

Using (4. 7c), (4.8b)in (4.19d) and recalling (1.11) we obtain

F- g utan- e 2 (gd v un

=|.LVZA-g(1 -ﬁ)+&(g-rs)q (5.24)
r r

Utilizing (2.29d), (3.14) we then write (5.24) as

H:H(VZA-BfZ)—g'g (5.25)
From (C.13d), (3.14), (4.7a), (4.20b) we obtain
w(x¢” - AB) = pr(s$ + ¢) - uB(GS$ + $)
= w(rg' - B$") + pg(rs - BA)
=0 - 1g +pdg (5.26)
Then using (2.45b) we write (5.26) as
?:g2+p(r¢2—AB) (5.27)

Substituting (5.25), (5.27) into (5.22) and using (1.12), (3.20b) we obtain

I=ug - pL% A | (5.28)

Another important identity is the following

2

2 2 2
tr B-Lyg +rOB+(pro-L)g

s
[}
o]
oI5

—_ 2 2
Bo(y - u) trg B0f+Bog

Boy (5.29)
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where we have utilized (4.30), (5.16b), (2.5), (4.4), (2.32b).

A result that is important in many spaceflight applications is
Lambert's theorem. This states that, with p given, T is a function only
of r + ro d and a, where d is the chord length as in (2.47). We shall
discuss this important topic only briefly. For a detailed discussion see

Reference 3. To proceed we combine (2.47), (5. 7b) to obtain

=42 y rco20\
(B“Bo)g—d -p.(r+ro)k} \ D Jvy

Also adding (2.19b) to its reverse transform yields
(B-B)S= [Zp, +a(r + ro)] d (5.31)

Substituting (r + ro) ct from (5. 30) into (5.31) and recalling (4. 4) result in
(B - BO)Z - ad® + 200 ¢ (5.32)

Thus from (5.10), (5.31), (5.32) we obtain

(B—BO) Ly + oar =&_\-f,?z- +aT (5.33a)

[Zp, + a(r + roﬂ ¢/S 713— [2|.L +a(r + 1'0)] vz "‘q(Z)

g(z)
. (5. 33b)
2,2 q 2 2u° o
=+ \Jad™ + 2p (t = % \fad™ + = zq(z) (5.33¢)

-~ ~
where we have recalled the definitions in Appendix A with S(z), ¢(z) given
by (A.12) and

Vi = vay (5.34a)

N
i
Q
RS

(5. 34b)
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The relationship betweenT, r + 1, a, d is an implicit one involving
the quantity z. To determine 7, d, or r + Ty with a and the other two
given we equate the two appropriate equations in (5.33) to solve for z.
Evaluating B - Bo we then solve the remaining equation in (5.33) for the
desired variable. For 7, d, r + ro given and a required, then (5.33)
represents two equations to be solved for the two unknowns a, z. In
proceeding as above there is a possibility of more than one solution for
z or eveu nonc. Thus the removal of any ambiguity will depend on the

particular application.
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6. ADDITIONAL TIME DERIVATIVES

The time derivatives of p, {, m, ¢ are obtained directly from the

expressions (4. 9a), (4.10a), (4.11a), and (4. 12). The time derivatives of

o

the transformed quantities p, {, 7, ¢ , are also needed and we give them

below. We first obtain 'I‘ as follows.
ar _ d ¢ .

dt
¢+_T_S_+}i$
T

r

T
<} + ??> ¢ (6. 1)

where we have utilized (5. 2). From (4. 17b) we obtain

i

1]

%ﬁzzi$4—¢ -7
:% [B$ - (r+r ) ¢] (6. 2)

Then using (6. 2), (2.6), (4.17b), (4.8a), (3.14), (5.2), and (4. 20b)

()

;1-7 [B$- (r+ro) C[I —% (-v¢ + r$ - p$"

1

:13- {T(BC]Z - rs) + rI:TS - (r + ro) (]Z:I + Bp$}

T
- = (6. 3)
r

Using (6. 3) in conjunction with (4. 18b), (4. 19b) we obtain

|

(o 3]

i

Q|
o+

- E§+1 (6. 4a)
r

(6. 4b)

(-]
:ﬂ:t
1}
H l_‘,:\'
w
ql
1
—
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Differentiating (4. 31) and using (4.12), (2.6), (2.7), (4.22), and
(4. 31) we obtain

I

|

8_’; Ei— Tat [(rz - roz)g - B(T]
:_BL[(rZ_rOZ)é_ (a+%)q1 (6. 52)
i [(rz ; roz)ﬁ (a+ %)] 4. 5b)

We may also obtain ¢ by differentiating the integral in (4. 20a), and this

is shown below to illustrate the process.

t
j 2g(T,t) d7
T=t
o

A
i
g

H

t
2 f g(T,t) dr
T=t

o]

t
2
oot ), bl
o

=27 4+ Hrﬂ (6. 6a)
=7 -7 (6. 6b)

where we have utilized (3. 11), (2.29d), (4.17a), (4.18b), and (4. 19b).
Combining (6. 6b) and (6. 5b) we write

B(Z+ﬁ):(r2— rz) - (a+H—) T

The result (6. 7) could also be obtained from (5. 3c), (5. 4e), (5.9), and
(4. 14a).
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From (4. 30) and (6. 5a) we obtain

|

il

-
o

+
vs!

Also, using (6. 8), (2.6), (4. 25), (5.18a), and (5.17c)

- B LZO'

B -rg— 3
T

_X_LZO'

T or 3

Therefore

Recalling (2. 26a) and using (6. 10b), we write

t —
Y _ 1
Zf —4dt—®+—2§
t r Tr

(o]
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%(%):%l}zé" (a+%>6] ’%(rzg— Bo
y

(6. 8)

(6. 9a)

(6. 9b)

Recalling

(6. 10a)

(6. 10b)

(6.11)

(6.12)



Using (6. 5b), (2.7)

%(BF) = (rz - roz)

and from (6. 13), (2.6), (2.5), and (6. 4b):

#(%)

~

8

1
[
I
e

I
[y8]
1 |9
L
4%]
1
~
H
HIO
VN
1

Then using (5. 22), we write (6.14) as

Therefore, recalling (2. 26b) we obtain

2 jt 23(1:0,1')
L —dT
4
T=t r(T)
o}
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i
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+
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qi
-
+
M

_2L%

(6.13)

{b.14a)

(6.14Db)

(6.15)
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APPENDIX A

HERRICK -LEMMON FUNCTIONS

The following discussion of functions and their relationships represents

a recapitulation of Reference 4.
Definitions

For n = 0, the nth crder Herrick-Lemmon function U“ is defined as

aa

U =U($a = ¢nun(z) (A. 1)
where
Vz = Vay (A.2a)
z = ay? (A.2b)
and
0 Zj
un(z) = z m (A. 3)

The series (A.3) is convergent for all values of z. Using it in (A.1) we

obtain

L@ 2
U_($,a) = ¢ j};o B (A.4)

We denote the even functions by ¢n and the odd functions by $n

where

Forn Z0:

x© Jn 2j

¢n(¢’ a) = ¢n(_¢’a) = Uzn(llJ,a) = Z TJHL (A. 5a)

loe] o'j-n 2j+1
$,(,a) = -§ (-g,a) = U, . (ba)= j;n PRV (A. 5b)

-44-



Finite Form

We may express un(z) in finite form in terms of truncated trigonometry

functions as follows:

For the even numbered functions with n = 2k:

k=0
uo(z = ( \/—+ e ) (A.ba)
z 2 0(a 20)
uo(z) = cosh |z{ 1/2 (A. 6b)
z € 0(a = 0)
uo(z) = cos |z| 1/2 (A.6c)
k =21
wo(z) =L lu(z) - § a (A.7)
2k - zk o jgo (23! )
For the odd numbered functions with n = 2k + 1:
k=0
ul(z) -1 - (eV_z' - e-VZ) (A.8a)
Zw/E
z 20(a 20):
u,(z) = 1 sinh |z| 1/2 (A.8b)
1 |z| 1/2 :
z £ 0(a <0):
1 . i/2
ul(z) =W sin |z| (A.8¢)
k 21
1
For a =0, ‘\/ |o.| ¢ is real and we may use the expressions
in terms of hyperbolic functions. For o % 0, \/z = i|o.| l/zxp is a pure

imaginary number and we may use the expressions in terms of ordinary
trigonometry functions. The series expressions (A.3), (A.4) of course

are applicable to either case.
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For a = 0, we note

n

1
w (0) =— 5 U (§,0) = nL. (A.10a)
Also
UO(O, a) = 1 (A. 10b)
and forn =1
Un(O, a) =0 (A.10c¢)

The function UO - U5 will be utilized more than the others and are

given the following special notation:

z = 0(a < 0) z =Maq =20)
C=C(},a) = UO(LIJ, a) = cosy coshy (A.1lla)
S = S(Y,a) = Ul(LlJ,O.) = |o.l -1/2 siny q._l/z sinh y (A.11b)
¢ = ¢(¢,o.) = UZ(Lp,a) = |a| _1(1 - cos vy) a-l(cosh y - 1) (A.1llc)
$ = $(¢,a) = U3(¢,a) = |a| _3/2(y - sin y) u_3/2(sinh y -v)
(A.11d)
¢|; = ¢(¢,a) = U4(Lp,o.) = |a] -2 (cos y -1 +%y2) a_z (cosh y -1- %yz)
| (A.1lle)

]

. Ry 133
H;z $(q},a) = U5(¢,a) = ‘al //'(siny -y +B—y2); a

s/2( . . 1 33
_ \mnny—y "%V

(A.11f)

y= Vlzl (A.12)

where

-46-



The function uy - ugare also very important and are given the

following special notation:

z = 0(a = 0) z =0(a Z0)

C=Clz) = uO(z) = cosy coshy (A.13a)

~ = 1 . 1 .

S = S(z) = ul(z) = ;mn y v;smh y (A.13b)

T = a?(z) = uz(z) = -—1—2~(l ~ cos y) —l-z-(cosh y - 1) {A. 13¢)
Yy Yy

- o 1 1 .

Ef;: $(z) = u3(z) = —§-(y - sin y) —3 (sinh y - 1) (A.134)
y y

&t\: Ef(z) = u4(z) = i4- (cos y -1+ —é—yz); 1—4 (cosh y -1- %yz) (A.13e)
y y

\
) (A. 13f)

where y is defined by (A.12). The functions given by (A. 13) are plotted
versus z in Figures A-1to A-6. The quantity y is equal to the increment
in the eccentric anomaly E for z = 0 and is equal to the increment in F,

the counterpart of E, for hyperbolic trajectories. Thus for z = 0 we have

complete orbits relative to the initial point when z = -4n21r2, n=1,2,
Also, an increment in the eccentric anomaly of 180 degrees requires
2 D

passage through the next apsis point. This corresponds to z = -(2n - 1)“n°,
n=1,2,
Differentiation

9 =

-8-1.|—JUO(¢’ G.) = aUl(qJ: O,) (A' 148.)

and forn =1

3y Unlt @) = U, (0, 0) (A. 14b)
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Recursion Relationship

FornZO

U_($,a) = %r_l taU_ .,y a) (A.15)

Addition Formula
Clly * Uy) = Cl;)C,) £ aS(Y)S(Y,) (A. 16a)
S(yy * Uy) = S(4)Cl,) £ SW,)ClY;) 4. 16b)

Glyy £ by = Cl)) + CloEW,) +SW,)S(Y,)

= G)) + CW,) + oG EW,) £5(4)S(Y,, (A lbc)
Sy £ w,) = $(4)) £ 4, E(4)) £ Cl$W,) +SEW,)

= $)) £ $0,) +5(4)E,) = 5(,)EW,) (A.16d)

2
y
Glu) = ,) = $0) = 6,80,) + 5 GW)) + Sl E,) * S))$(9,)

= €W + ¢, + ¢ EW,) Epl$(¢2) Fy$)) + a$(¢1)$(¢2>]

(A.lé6e)

2 | 3

‘4” llJ- " "
B, = 0y) = By = b8 + == $0)) = 2= W) = CW B, + S W)

=B £BW,) + 0 6,) = 4, EW) +$W)EW,) * $4,)EW))

(A. 16f)
In general, forn Z 2:
Forn = 2:
n-2 . LIJZj n
(A.17)
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Identities

CZ - aSZ =1
62 - zgz 1
FormZ1l, nZ=Z2
i(U U U U ) U n 7 TT
80 ""m™n " "m+l n-1' " "m-1"n " m+17n-2
m -1 n-2
e .
(m -1 n " (m-2)] mtl
forn=m?=>=2
9 2
w(Un ) Un“HUn‘l) =UnaY " YanYae
|n'1 n-2

-49-

(A.18a)

(A.18b)

(A.19)

(A.20)



Z SNSI9A (Z)D uorounyg ayy ‘[-V 2InSig

ol- Sl- 0z~ Sz- oe- ge- or~

epaganas . T T
it ] i i i
I ! L i Bl
s55 o T
29
i B -
555 ] ~ e i3 H
* FaEss gu sEzsasternarEs 3 a TS e =
T 185
i H HA i 3 oas. H
2 T HH t 3k Aeased
L A i H h H
i TE ; I i H
T I s s R 8
it HiHE] H Jici Y
» i s R R iR B
HEHE = L (11840 1)
o o juat 8 8 K 3
{ HAE i ° 7
£ Sranis ; £ e uz = JZp = "33
ST 3 , i i seitst
SR Sk du 1- HHIER 1 H H
B T .
HHH i jiasses sSat1assdseny
T
I HHH
i H T T e i 5 H T
HHH ; 3 ¥
HH T I a8 8 1 T e g ¥
T ] T o8 us FapE e saugn Expes
A EHH it
) 8! oy ut i @agna 98 3 88 8| T L
T = S
S5t peas f 7 Al
+ tH
T ns, = B Th
— 1 41 8 e
Synssi HH 2 ; i 1 THHEH
asugas) i = % 184 Ing j#as Egan; 111l jaj g 13
FL T o g eas R rst il IRaalyas: t H H T
3 " b 1 T b 5 s Sheth
HEHHEE : Y it i
H R : o ki !
< +H o
:
e i T
HiH 1 Mlux t He
! ; s iges ;
i ; SHE
B - T
25 H 1= Eapase, SRgase]
:
FrHH i T I T i
i i HH
EHH isesss i
bl | I R :
s RE iz H T T
R t H i H Lope
& T
P Apgea 1
g 1 )
= 31 HH T ; 1
H Bl Y Snasisag! HH
LT sgjscesy it H
TR f = M
H 1 Tt H PR R T T
£ : FHF fistissei i3 25y B
: THH Hip HHH] e gesfpiasfinadiasinssy T i

-50-




z snsIiap (Z),D

~

= ANvfm\ uotouUN g 9aYJ,

‘Z-v 2andig

74 0g-

ge-

op-

f : 7 3 T
il -
; d
:
it b
11 - = .. - T
3 T
HHH : 3
o = 4 0
OO 55 : ; s FEsIE
H ; 7
H H T jEasass 1
; I : i i e fOEE ;
HH R B ¥ | it ol Mm st A A
HE i f i T :
it £ S0 R ez R AR
B HEHHH f t ssgasgsuevisas gasyre t ; =gy reeymayrage
sl H L B e B Hrpr i H H
_ iR ; HEREE i R
E: S ) e Best H TR i H
i 4 L
BE3anisnedis) H B 2= (2|} = "3-3 fpagen, B T
SERTEETRat E H el res o o Jasgasis]
B diipn b i T joatazatiass
Hit o f f i s Hiaat i) R R
ik ; HEF R kil
H H S qese seuysaagprasEs pnnzmass TgasaTese
A H H i et HHHEA I 5
H i Hio ; j332424 5405 HIEE H : i
Eoa] tha HE = T T T t
- . R E IR
u: giH YhF 4~ iad S P2 4 b ] - 3 e H 1
H i ai 1 1 1 3
gegadianey esndie: H } : t + ¥ :
- + R E H o F35533]s0a7e ==
T it it £ ; : 8 EE e H PR T T i
uad d 1 i ahpas nprey fas. S hngay nophine 1
I SER STpEaage i i I S
HHH HEEH HEH SHHE o 425t H i§508 Bpdds e, Ertir .%_4 =
H £ eagmesres
B H easdiaaly sl = =T H 55 Raalanstts IRy sepeaidas
F HiiH t i i H ; 5 SHEH T
spaasests : ; T i e sasstamppessegscanss sgsnansat spsmy piany rsogenspe t R H
S el T ang e ! ing g Snas ) s = o q
pagd ans, 3 1 : i H T i : : “ T
s B[R Bl e i R 3 = GiE
H HITE it S il i I HRE t i TR IR gr |
5 | esii} s easgfsasdasal e KEn: & 1y T H :yw. A o e e
b O oot o | 5o o H i H ] aihss Eiee]dent) Fagdinatie SYINT Soget
smas: o 2 T T T 1 o ey
tEE e e ittt il : : i i et A ST
HEH RS ! = S fEES [ e e R e EE jEssaiEE a Tt ee Y E R H Fic) [EEE) EEER ERREE
B ; £ E iHy T 22 HimH e H paEsges
S FHHHH T £ T R
; EE { B HE
+ :
SaEadEE H HH s S P TR } Y
238335 I T ;
H Ig=e A ¢ | = wad huui el f3egoens 1 e jlsuisss
i S R R R e
SEgAs g H s8 SSREAREQSE ERANI i
B t 5 HH
H ' H 2! n H T FEE TS a .
i ae vz
I HiH HH 58 i
g ihi H FHET H
pesygas ! T e 828 gonl o I
b }
HHH H 4
B (s
.y TJIEIR 1
: F £de 2t i s
Tt
H 31 i ]
H t { t
T T
b o5; tt aagd sanuf iy gl
e
K YREE HEEHE H
H 25 T
gtz 1 - jSEz)Rnect ! 1
S5aymsy i
i mr HH ! 23 [Eagt bosal i
| t Hi H Tt I

(%)

-54-



z mﬂmu®>ANv& uonjounyg 9y ‘¢-v 2indiyg

-/

sl- 0z- sZ- 0g- ge- or-

w
o

[o2

: } [iis (ug301)

s=t I o

it 2z = |Zjp = 3-3

T
T
peppeeyorey

e

160

-52-

>



Gl

ol

Z SNSI|A (2Z)

$

G-

uorjoun oer

*-v 2andig

Gz~

or-

Eﬁ

T
i

82°0

[4>00]

T

0v°0

o

-53-




Z SNSIDA (Z) p@ uomdoung ayJ G-y oandi g

iy

0z Gl ol

«y
o

G- oL~ 0z- gz~ oe- ge- or-

T _W T T T T THIT TE T O - T 0
!
i i SERta 55 HH
1 fa nsl!
By i ! i 2 100
IEiE R
H : :
2 3 2 = ; FEH
b HH seEssteiadisy H H H H =
i if i : (g0 1 i
ETh Th TR I ©3-3m 20°
B B W : AT e = | 7| A= "2 4070
T I FilE £ s : T
T T H i 1 = HHHEH HHEH I
= ;
T I s fent i £ 3 Bu
HEk £ £ £ i i
it S e iy T . ; £0°0
i H 538 ;
B ; T T Erts :
t t 1 14TH HEH A
e L o Hrka H f HH i i e e e
4 : L i i : i i e e
g ﬂ . £ SR o A HEIE [N
H T SRR Hit i A T t
S S o f =
I 1 T 1 = +H : i
2 il ; : H _ 32
fif i ! sreis t i : £0°0
s nite ; : H : :
] i s i
_ 5 & H saehin S skt i s
H { t H i
i : i , 90° 0
b Sistigs: §
: ! H i
i :
; ; H
Hit
i I |
: ! £0°0
HiH 1 -
T s = H
! Hidis
H ; ;
£ ; : : f 5 : 5.
35! HH 1 80°0
1 T b e
; i * HHH :
: : : :
f :
i 2
g L
8 : T st :
i : : 60°0
i : -
R R ! f :
i i : f aas SSStasassstis HHHHE i i

oL*o

~-54.



Z SNSIDA ANV&.QOSUG.DM oa,H *g9-y 2andr g
A4

0T Sl ol S 0 oL- Sl- 0z- 5Z- og- ge-

&
(=]

o

e = i i $00°0
; HHH T
il I ; s i e e 900°0
S inaga IH 88 na a |8 H+H HHTHH
] +x< & HHt: H HRTEHE s
T | Tt o N trit i | il 18 1 o N 8| [ wng| [T i® 81 pu s o Spngil | Suma i

i i EHEE /000
A8 88 jdnpangygan |8 pus| i HHHTHH i
3 ST janea gl aaqSedat 13pus e t HH = [Te
S EH ST mem .Hx v.mux phir HY VHH .mqvu HHH] _ - H w0
sy as T ]

! i R i H He H : .
s il : 800°0 §
3 R = 60070
e el 0lo°0

Iass

L10° 0

SRR 210%0

5 g1o0p




APPENDIX B

THE ASSOCIATED HERRICK-LEMMON FUNCTIONS

Additional functions from Reference 4 are discussed below.
\

Definitions

For n = 0: the nth order function Ut"1 is defined as

au
|- | = _n
Ul = Upa) =2 5B (0,0 (8.
_ . n+2
= un(z) (B.
with the function u]'n(z) given by
® . J
: _ . d _ (j+1) =z
un(z)—Za—Z—un(z)—ngO 2j + 2 + n)! (B.

in series form

n+2 R (j + 1) g

U;I(Ll}, a) = 2¢ jé"() GEYE (B.
Recalling (A.5)
© . j-l-n, 2]
(- 1 - 1 - (J - n)a ¢y
q:n - q:n(Lps a) = Uzn(\b,a) =2 j§ﬁ+1 (2_])'. (B.
0o . j-l-n 2j+1 ‘
T T e e, (5.
j=n+l Y !

Finite Form

Utilizing the finite form for u given in Appendix A we obtain the

following results:

For the even numbered functions with n = 2 k

k =0:

u'o(z) = ul(z) (B.
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1b)

2)

3)

4a)

4b)

5a)



k-1 ]
u k(z) = k1+1 = {[z ul(Z) - Zkuo(z)] + 2 'Zo %}DF_Z—} (B.5b)
T

Z

For the odd numbered functions with n = 2k +1:

L | -
ui(z) =~ [ypiz) - {2} (B.6a)

k-1 N
' _ 1 - j) 2
u (z) = == {|us(z) - (2k + 1) u (z)] + 2 (B.6b)
2k+1'% zk+1 {[ 0 1 ] jg (2"+"‘)"‘1

for a -0, one makes use of hyperbolic functions and for a < 0, srdinary

trigonometry functions. For a = 0 we note

2 leJr1+2
1(0) = ; =
un(O) “Tn ¥ 200 Un(lp’ 0) n+ 2)T (B.7)
also, forn =0
U! (0,a) = 0 (B.8)

We utilize the notation C', S', etc., in keeping with (A.11).

Thus
z <0 (a<0) z2> 0 (a:20)
C'=C'(L‘J,Q)ZU6(L|J,(1): la‘_lysiny ; a_lysinhy (B.9a)
S'=SYy,a)= U'I(Lp, a) = |al_3/2(siny— y cosy) u-3/2(y cosh y - sinh y)

(B.9b)

¢'=q¢"(v,0) = U'2(¢, a) = |a|_2{2(1 - cosy) -ysiny] ; a-z[ysinhy- Z(coshy-l)‘%
(B.9c)
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A~
|

= $'(v, a) = ULy, )

=5/2 . -5/21 3
= la / {3(y - siny) - y(1 - cos y)] ;a / I,y(COShY_ 1) - 3(sinh y-y){-
(B.9d)
where as in (A.12),
y = JV!Z' (BIO)
We utilize C', S' etc., in keeping with (A.12). Thus
z < 0(a=0) z =0 (a=0)
_ ~ 1 |
t=C! =u' = — si — h B.11
C C'(2) uo(z) Y sin y v sinh y ( a)
TR = ! 1 : 1 ,
S'" = S'(z) = ul(z) == (siny - y cos vy) _3(ycoshym sinhy)
y y (B.11b)
T 7T, o 1 . 1 .
d,' = a (z) = uz(z) = 2(1 - cosvy) -y mny] —Z[ymnhy-l(coshy— 1)]
y ' y o (B.1lc)

—% [3(y - siny) - y(1 - cos y)} —lg[y(coshy—l) - 3(sinhy - y)!

$' = $(2) = uyla)
y
(B.11d)

<

~
The function C' equals S and is plotted in Figure A-2. The functions in

(B.11b) - (B.114d) are plotted versus z in Figures B-1 to B-3.

Differentiation

%Ubw, 0) = aU!(y, a) + 2U (¢, a) (B.12a)

and for n = 1:
oy Ul @) = Uy (4, @) (B.12b)

Identities !

For n * 0:

| -
Ul = -nU_,+4U! (B.13)

Ul =20, +al! (B.14)

n n+2 +2
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' = -
aUn+1 - q)Un (n+1) Un+1

n-1
Y R (N U
n! Un © dy Untl Ynt2Yn

Addition Relations

C'yy +4,) = Cly)) C'(y,) + Cly,) Cy)) + aS(y;) S'(y,)
+aS(y,) S'(¢)) + 25(y) S(y,)
'y + by) = Cluy) S(4,) + Cluy) S'(4)) + S(y)) C'(v,) +S(4,) C'(y)
Gy +dy) = Gy + 4w, +S()) SUW,) + S(b,) S'(4))
+ G(y)) C'(,) + 4(y,) Clyp) - 2G4)) GLy,)

$UG) +u,) = $'4)) +§'(,) +S(4)) Gw,) +S(w,) ¢i(y))

() 8'v,) + dly,) sty))
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@ APPENDIX C

SUMMARY OF RELATIONS FOR THE
HERRICK-LEMMON FUNCTIONS

Identities and Definitions

Q)

1]
—
-+
N
O

ta. C =1+ a@

b. =1+—§-4}2+a2<|$ =1+%—z+227¢~
C. :$(S+a¢¢-a$) :§+za-z$
d. = %}(S-{-QS') = S - Z’-S\'
2a. S=q;+a$ §:1+z§
b :LJ,)+’€L{J3TG.2$ :1+%+ZZE
. c = yC - aS' :E+z§'
1 ~~
. = — ! = C!
d ch
32, ¢ = 2(C-1) ¢-1c-
o = idaag RER
c. =-i-l:s¢+(1-c:)$] =5¢+(1-C)%
d- :%[(1—C)¢+¢2] :2[(1-€)¢+?E2]
e. =%[(1-C){$+¢$J - o[t -O)F+ 33




4a.

ba.

Cl

wn

&)

€¥)

F)



10a.

11a.

14.

2 -39
o - 3

1+(1S2

[T

+ ad + aCQ
1+2a¢+a2¢2
C+acCg@

¢+ cq

2¢ + a ¢?
¢2+2a¢$+ a2$2
W ralpt9)$
(S+ 4 $-2¢
e*¢+ o - ¢
L6 ath

¢-3p
1+z§2



10.

11.

12.

13.

14.

15.

APPENDIX D

TABLE OF INTEGRALS

jca¢:s

f$d¢=¢
Jeau=p
f¢Cd¢:¢S-¢

j¢s dy = 8!

Jotav=us-4-q+¢



16.

17.

18.

19.

20.

21.

22.

23.

24.

25,

[§8]
o~

27.

28.

[e?ap-4 i+ cs
Josav-4s*
fc¢ dy = 3 (5¢ - $)
fc$d¢:¢+%$2=%<5$- ¢)=s§-3¢°
Jegav-L st - a5+ 80)
Jepav-18 4 s8- a4
fSZ ay =+ ($ + Q)
fsct ay = 1 ¢°
[s$au-4 s - $9
[t av=ag -4
Jo? ap=1 8¢+ - 2a
Jo sau-1¢

[sgau-1 42



Differentiation

10.
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APPENDIX E

SUMMARY OF EXPRESSIONS FOR VARIOUS QUANTITIES

Equation
Reference
A
AR (1.5)
— L‘é _L,.,,/‘\,
= .|..|.O " gV (2.283)
_ 1 AN A
= (u.1O gl x 10) _ (2. 31a)
O
A
- A+ LTS (2. 41)
(o] iy
(o]
AT, (1.2)
A
- 5 B +Lx D (1. 7a)
r
A N
- % BY+ L M (1. 7b)
A
- f’i\+% L xA (1. 7¢)
A T T A (2.36)
(0] Irr
o
LI (2.28b)
(0] (o]
1 ,.A AN\
= — (u1o+ng1O) (2.31Db)
(0]
Ao LD (3.25a)
rr
=248 -9 (2.36)
j o
A AA
= gi +¢Lx1i (2.37a)
A A
= 8ST* +r C]:v (2.37b)
O O [e]
A
AN AN (3.25b)
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3f.

5a.

6a.

Ta.

£>

>

>

i1

r.,C+B.S +ug

T + BoS + (p + aro)¢

-70~

Equation

Reference

(2. 37b)

(2.39a)

(2. 40)

(2.22a)

(1.9)

(1.15)

(2.14Db)

(2.14a)

(2.14a)

(2.19a)

(2.19Db)



9d.

10a.

11a.

i0

il

I

it

rC - BS + p¢

—
I
H|m
(1o}
+
TN
|
1
-
~

H>
4>

rr

BoC +(p-+aroﬁ
B, + (b +ar )S+ aBo¢

BO-FHS-+ag
o
IBof + (é + o ) g

Bf+(v2-L)g
(o} (@] ro

Bo<+p¢-+a7
B Vad® + 2u° ¢
B_ + EZpL+a(r+ro)]—d§

-71 -

Equation

Reference

(5. 5b)

(3.8)

(2.19b)

(5.5b)

(1. 6a)
(1. 6b)

(2.20a)
(2. 20Db)

(4. 4)

(4. 21)

(1.11)

(5.10)

(5.32)

(5.31)



{12a,

13a,

14a.

15a.,

il

N A
T .V
o o
B
BC - (p + ar)S

B - (p+o.r)S+o.B(t

; B
Bg - 01+ r)g

N
A
— (COXL)
L
M
1-r_¢
(o]
K3
N
A A
jé (L x ro)
L
r S+ B_¢
rS - BQ

-g
N
N
;%-. (VO x L)
L
BS
-I'
o
! [B (1 -1) -2
rr o r
(o) (o]

-72-

Equation

Reference

(1. 6a)

(3.7)
(3.9)

(2.20b)

‘1,22)

(1.11)

(2.29a)

(2.29a)

(3.13)

(2.29b)

(2.29b)

(3.14)

(3.11)

(2.29c)

(2.29c)



15d.

16a,

17a.

18a,

19a,

(11

cef

o
-f
2 A A
—5 (L x ro)
L
|
1-r¢
r
1 -2 (1-19)
T
r g - Bg
2

rro - L ¢

2
T f+—Bog
Q +|¢r¢
u

2 : .
T f+-Bog
B:En

o r ©

-73-

Equation

(3.

(2.

(2

(5.

(3.

(2

Reference

12)

294d)

. 29d)

.10)

. 20b)

. 32a)

. 32b)

4d)

20a)

. 33a)

. 33b)

. 33¢)

.23)
. 20a)

.22a)

. 22b)



19c.

20a,

21a.

22a,

23a,

e

sin ©

cos 6

rOS+BO¢+p$

rS—B¢+}.L$

g +un$

-74-

Equation

(3.

(4.

(2.

(3.
(2.

(3.

(2.

(2.

(2.

(2.

(4.

Reference

22c¢)

23)

43)

. 45a)

18b)
45b)

17)

21b)

.27a)

21a)

27b)

. 26b)

26¢)

44)



Equation

Reference
24a. v ="\fa+ 2 (1. 11)
b, = 2L+ B? (1.12)
25a. sin B = ==
b. S
VL? & B®
L
c. =
\/ar2 + 2pr
26a. cos B = %
b = =
‘\/LZ + BZ
B
c. =
ar + 2ur
27. tan B = %
28a. d=|T-7_| (2. 47a)
1/2
r 2 o2 ]
= - B I .47
b = L(r r )+ 2L g (2.47c)
1/2
c. = (r?' + ro2 - Zu) (2.474)
1/2
= - 5.30
d. = EB Bo)g + p(r + ro) ¢:| ( )

o
[

1/2
1 2 2
{a‘ [(B- By -2n ct:]} (5.32)

-75-



29a,

30a.

31a,

32a.,

o

vy

tl

-t
2j t ¢ [t )] ar
o

g +pA-r_ 3

'r-ro$

r
TO (g - £7) + pg'

t
-2 /’ ¢ BAQ Tﬂ dTt
T=t
(o]
-g¢ - pA+r$
-T + r$

T gt ET) - ps

t !
[tho [5 - 26(t_, )] dr

98
T+r——p
o
1
5 (31 -7m)
M
g+;—T
o
2
g2 - f)+ £ A
o
t
-[ [3 - 2f(t, T)! dT
T=t
o
- |y
T + - p

-76-

Equation

(4.

(4.

(4.

(4.

(4.

(4.

—
VS
.

(4.

(4.

(4.

(4.

(4.

(4.

Reference

9a)

9¢)

9b)

9d)

17a)

9c¢)

.17b)

10a)

. 10b)

14b)

10c)

10d)

18a)

18b)



32c.

33a,

34a,

e

31

H

1 —
-5 (37 +m)

K
—g(Z-—g)-—;- A

ft [-3 + 4f(t, 'rﬂ ar

J1=t
o]

L2
T
(o)

p

31 - 2¢

2
T—r—o‘ T+2}.L$

2
g -;E T+3p$
o]

B

2 o 2
-p (Vo A+T ¢) + gf

(o]

t
-thoE?) + 4f(t, Tﬂ dr

L 2
I

B

S3T -2t

o~

Eoror-2u8

r

[3¥]

Br-g-3u$

r

-77-

Equation

(4.

(4.

(4.

(4.

(4.

(4.

(5.

(4.

(4.

(4.

Reference

14b)

18¢c)

18a)

. 11a)

11b)

14a)

.11c)

11d)

25)

19a)

. 19b)

14a)

19c¢)

.19d)

.25)



35a,

¢}

36a,

a

al

t
2 gt , T)dT
.L:to °

Tg + |.L(rO ¢' + BO $')

B T+ ro(r + rc)¢

r
2 [B, (¢ - g +plr+r)¢]

ro 2
— (B {t+r -Q)
n o o

i—(v—u)

1
) (A - Bo 11)

v
o

1 [ - 2 ]
v—z- B0n+Bg+2ro (1 -g)

2 2
g+ |.x(ro ¢“ + BOA)

t
-2 f g(t, 7)dr
T=t
o)

1g + p(rg' - BY')

-BT + r(r + r0)¢

r

v
E(Bz+r2—§)
T

—5 (Y - )

L @ - B
v

(BT +g) +rir+7,)q]

-78-

Equation

(4.

(4.

(5.

(5.

(5.

(5.

(5.

(4.

(4.

(5.

(5.

(5.

Reference

12)

15)

3a)

3b)

. 3¢)

16b)

11)

. 20)

3¢c)

.16b)

11)



36h,

37a.

38a,

al

g

1 2
—7 [Bn-Bog+2r (1—f)]

o
2 2
g +r(rd” - BA)
Bg-prr¢

-y 2
Bg +2(1 -¢g)r
r*(2-g)-u

r(r —ro)+(pr4-L2)¢

—Bg-+2(r2— u)

2
BO nﬁ-vo o

—BO g-%Zprod
B g +2(1 - f)r?
o8 o
2 A
r (2 -f) -u
r (r —r)+(p.r +L2)C]:
o o o

2
Bog-FZGO -u)

2 —

B;’]—*I'V o

12- (LZE_BF)
r

r%. 0

-79-

Equation

(5.

(4.

(4.

(5.

(5.

(5.

(4.

®

(4.

(5.

(5.

Reference

20)

.27)

. 35a)

. 35b)

.35c¢)

35d)

35e)

12a)

14a)

4e)

36a)

. 36b)

[¥§]

(=2}
[p]
-

36d)

. 36e)

12b)

21)



39a,

g.

41a,

Ql

i

1l

2
roo- pir + ro)q: + Bog

2

_ o
ry +BOT, =

2
rrof-L ¢
r? (24 - 1) - Bg
2
r -p,(r+ro)¢—Bg

2 PR 1y
r + Bg —';—

rr -(pro + LZ) ¢
u-pr ¢
S
rrog-L2¢

2
r (2 -1)+B_ g

roz (2-§)-B,T

Equation

Reference

(5. 4a)
(5. 4b)
(5. 4c)
(II!. 4d)

(5. 4e)

(5. 4f)

(5. 4g)

(5. 4a)
(5. 4b)

(5. 4c)

(5. 4d)
(5. 4e)
(5. 4f)
(5. 4g)
(5.17a)
(5.17b)

(5.17c)

(5.24)



42a,

47a,

<|

to

S

>

w
v

Equation

Reference

(5.19a)

(5.19b)

{5.19c)

(5.29)

(5.18a)

(5.18b)

(4. 25)

(4.30)

(4. 29)

(5.13)

(5.22)

,.
U
[\)]
(o))

~

(5.28)

(5.22b)

(4.39)

(4. 44)



Equation

Reference
48a. A= -A (4. 7b)
b, =¢$ + 9 (4. 7a)
rO
c. = = B - (2 - f)g:] (4.104)
d, - & (T - gd) (4. 8b)
e. ==-% [Z +(2 - g)g]  (4.184)
M
£, = 1 (s¢ - 39) (4. 7c)
49a h=r5-B_¢ (3.16a)
b. =r St B¢ (2.30)
c. = (r + r)S -¢g (3.16c¢)
d. =g+(B-B) ¢ (3.16d)
e. - -h (3.16b)
50a, T = v¢ + p$ (4. 8a)
b, = g¢ +pA (4. 8b)
c. =ptr $ (4. 9b)
d. =r$-p (4.17Db)
r
. = TO (¢-g) (4.10c)
£, = = (L + g) (4.18c)
g. = -T (4. 8¢c)

-82-




APPENDIX F

SUMMARY OF MISCELLANEOUS RELATIONS
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. . 2
4, ug - gu = o (2.34b)
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APPENDIX G

SUMMARY OF DERIVATIVES
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